Abstract-This paper studies higher order sliding-modecontrol laws to deal with some spacecraft-attitude-tracking problems. Quasi-continuous second-and third-order sliding controllers and differentiators are applied to quaternion-based spacecraftattitude-tracking maneuvers. A class of linear sliding manifolds is selected as a function of angular velocities and quaternion errors. The second method of Lyapunov is used to show that tracking is achieved globally. An example of multiaxial attitude-tracking maneuvers is presented, and simulation results are included to verify and compare the practical usefulness of the various controllers.
I. INTRODUCTION

S
PACECRAFT motion is governed by the so-called kinematic and dynamic equations [1] , [2] . These mathematical descriptions are highly nonlinear, and thus, linear feedbackcontrol techniques are not suitable for the global controller design.
First-order sliding-mode control (SMC) has been considered as a useful scheme for spacecraft-attitude control. Vadali [3] designed a variable-structure attitude control law based on quaternion kinematics. A similar approach was later proposed in [4] , where a sliding-mode controller was designed for spacecrafttracking problems. This was illustrated by an example of multiaxis attitude-tracking maneuvers. An adaptation of the SMC technique was derived and applied to quaternion-based spacecraft-attitude-tracking maneuvers. This modified version is called the smoothing model-reference SMC (SMRSMC) [5] . This technique improves the transient response and reduces the chatter phenomenon. In [6] , the (additive) quaternion-based tracking of spacecraft maneuvers used SMC in the sense of optimal control. McDuffie and Shtessel [7] designed a decoupled sliding-mode controller and observer for spacecraftattitude control.
Floquet [8] presented the stabilization of the angular velocity of a rigid body via first-and second-order sliding-mode controllers. Higher order SMC (HOSMC) [9] , [10] has desirable properties such as robustness, which are similar to SMC. In addition, it may reduce chattering and provides better accuracy than first-order sliding. Various real-life applications may be controlled in a practical implementation of HOSMC. To perform higher order sliding-mode controllers for implementation on a digital platform, the fluctuations of the switching should usually be counteracted. Generally, SMC and HOSMC algorithms are suitable only if the sampling time is sufficiently small when compared with the system time constants. In addition, implementation of these controllers should consider safety constraints relevant to the maximum switching frequency allowed by power-electronic devices. In [11] - [15] , secondorder sliding-mode controllers have been applied to electrical devices (container cranes, dc drives), practical mechanical systems (vehicle yaw control [16] , ride-by-wire sport motorcycles [17] ), and aircraft pitch control [18] . We study in this paper spacecraft-attitude-tracking maneuvers using HOSMC. This paper is organized as follows. Section II presents the kinematic and dynamic equations of a rigid spacecraft. In Section III, the sliding manifold and first-order SMC are presented for attitude-tracking maneuvers. The SMRSMC [5] is illustrated in this section. In Section IV, the sliding manifold and the quasi-continuous second-order sliding controller (QC2S) [19] - [21] are presented. A first-order differentiator [10] , [22] is applied to estimate the time derivative of the sliding vector. Section V presents the design of the quasi-continuous thirdorder sliding controller (QC3S). We add a precompensator (first-order lag) to the spacecraft model to smooth the control signal and use a second-order differentiator [10] to estimate the first and second time derivatives of the sliding vector. A numerical example of the multiaxial attitude-tracking problem [5] is illustrated in Section VI to verify the usefulness of QC3S. Section VII is the conclusion.
II. SPACECRAFT MODEL DESCRIPTION
We consider the general case of a rigid spacecraft rotating under the influence of body-fixed torquing devices. In [23] , the kinematic and dynamic equations are given bẏ 
where I 3 is a 3 × 3 identity matrix and [q×] is a skewsymmetric matrix with a formula similar to [ω×] .
T represents bounded disturbances, and J is the inertia matrix. The kinematic equation (1) can be rewritten in a more compact form [24] 
where
Note that the elements of Q are restricted by
where · denotes the norm 2. Using constraint (7), we obtain
Note that this property presented in [5] is used later in Section III.
III. ATTITUDE TRACKING BY FIRST-ORDER SLIDING CONTROLLER
We mention the first-order sliding-mode approach applied to the quaternion-based spacecraft-attitude-tracking maneuvers so that we can compare our improved results later. To avoid the singularity of T (Q) that will occur at q 4 = 0, let the attitude of the spacecraft be restricted to the workspace W [5] defined by
Instead of first-order sliding mode, the SMRSMC scheme developed in [5] is applied. The differences between SMRSMC and the SMC and the transient responses from both controllers were compared in [5] . Since it was shown that SMRSMC provided better attitude-tracking response, in this paper, we compare only SMRSMC and our proposed controller designs. 
In addition, Q c has to track the desired Q d with initial values of Q c and ω c set as
Note that the choice of SRM is not unique. In this paper, the simple dynamic SRM is selected as
Thus, the outputs of SRM {Q c , ω c ,ω c } become
Using constraint (8), we obtain
A. Sliding Manifold
The sliding vector is chosen as
, and λ is a positive scalar. Next, the stability on the sliding manifold s = 0 is considered. Multiplying (16) by (1/2)T (Q), we obtaiṅ
which proves (18). The upper bound of Q c (t) is determined by
where c = inf
Apparently, if λ is appropriately selected such that
, then the stability of the tracking system is guaranteed.
B. Control Law
Let J = J 0 + ΔJ, where J 0 and ΔJ denote the nominal and uncertain part of the inertia matrix. Select the Lyapunov function
If the control law is chosen as
T with τ i = g i sign(s i ), and
for all Q ∈ W , thenV s < 0, which guarantees the reaching and sliding on the sliding manifold. The spacecraft-attitude tracking is fulfilled.
IV. ATTITUDE TRACKING BY SECOND-ORDER QUASI-CONTINUOUS CONTROLLER
The quasi-continuous controller presented in [19] - [21] is in the class of higher order sliding-mode controller. Since the higher order sliding-mode controllers require higher time derivatives of the sliding vector and these formulas are complicated, the implementation is more difficult, and they require more computation time. However, the advantages are that the higher order controllers may totally remove the chattering effect and provide higher accuracy in realization. These properties are needed in many spacecraft systems. Owing to the chattering effect and lower accuracy, the first-order sliding-mode controller is often impractical for application to spacecraft-tracking maneuvers. The properties of HOSMC are explained clearly in [25] - [27] . In this paper, QC2S is developed to achieve robust attitude tracking.
A. Sliding Manifold
A class of linear sliding vectors is chosen as follows:
where K is a 3 × 3 symmetric positive-definite constant matrix,
, a similar sliding manifold was introduced for the sliding-mode controller. It was proved by choosing a Lyapunov function V = (1/2)q T e Kq e , with positive-definite K, that the tracking error q e converges to zero.
B. Control Law
We study QC2S and the first-order real-time differentiator for spacecraft-attitude-tracking maneuvers. The quasi-continuous second-order sliding-mode controller [19] is designed as
where k is a positive number. In order to use the QC2S, we need to know the time derivative of the sliding vector (ṡ). Because it is very complicated to findṡ theoretically for this nonlinear system, we use the first-order Levant differentiator [10] for the estimation ofṡ. A first-order real-time differentiator has the formż
where z 0 , z 1 are real-time estimations of s andṡ, respectively. Now, we consider QC2S of the form (24)
Now, we design the QC2S such that the reaching and sliding conditions are satisfied. We show that tracking is achieved globally (by using the Lyapunov second method) following the approach of [5] . Since J is symmetric and positive definite, the candidate Lyapunov function is chosen as
and V s = 0 only when s = 0. Taking the first derivative of V s and using (1), (2) , and (23), we havė
Using (1), then (28) becomeṡ
Suppose that the external disturbances d and uncertain parameters ΔJ andJ are all bounded and that these bounds are known. In this paper, the uncertain parameters are assumed to be J <= σJ and
By setting the controller as (24) and letting
To guarantee the reaching and sliding on the manifold, we requireṡ
Since ((ṡ i sign(
can be written as
The upper bound of |Ψ i | can be found and denoted as
Obviously, if we choose the gain k i so that
This guarantees the reaching and sliding on the manifold. Note that the bounds (34) are functions of the states so simulation studies are needed to assess their magnitudes, and Lyapunov function V s exists when condition (33) is satisfied.
C. Smoothed QC2S
In this section, an adapted QC2S is presented to yield the improvement of the control torque responses. We consider the chattering phenomena, i.e., the high-frequency finite-amplitude control signal generated by the sliding-mode method. To reduce the effect of this behavior, a small positive scalar ν is added to the formula of QC2S, and the smoothed QC2S is
The smoothed QC2S is designed such that the reaching and sliding conditions are satisfied. The Lyapunov second method is applied to show that tracking is achieved globally. The Lyapunov function is selected as V s = (1/2)s T Js. We set the control law (35) and follow the same process as for the proof of QC2S. The first derivative of the Lyapunov function can be written aṡ
To guarantee reaching and sliding on the manifold, we requireṡ
37) can be written as
This is similar to the stability proof of QC2S. The gain k i has to be chosen so that
This confirms the reaching and sliding on the manifold.
V. QC3S
We next consider QC3S. Because it is a third-order slidingmode controller, which normally provides very accurate outputs, we expect higher accuracy of the tracking results. Moreover, we add a first-order lag to the spacecraft model description to smooth the control signals. Consider the quasi-continuous third-order sliding-mode controller [19] 
where k is a positive number. Because it is very complicated to findṡ ands from this system, we use the second-order Levant differentiator [10] for the estimates ofṡ ands. A second-order real-time differentiator [10] iṡ
where z 0 , z 1 , and z 2 are real-time estimates of s,ṡ, ands, respectively. Now, we consider QC3S of the form (40)
To guarantee reaching and sliding on the manifold, we select the Lyapunov function V s = (1/2)s T Js and follow the same process as for the proof of QC2S. We select the control law (40). This controller is substituted into (30), and letting ψ i = δ i + γ i , we havė
In (43), we take sign(s i ) outside the bracket anḋ
To guarantee reaching and sliding on the manifold, we requirë
In addition, the condition (45) can be written as
The upper bound of |ψ i | can be found and denoted as
Obviously, if we choose the gain
This guarantees the reaching and sliding on the manifold.
Note for the controller designs QC2S, smoothed QC2S, and QC3S, the lower bounds (34), (39), and (48) are used to verify that the stability is achieved globally. These bounds need to be approximated.
VI. MULTIAXIAL ATTITUDE-TRACKING MANEUVERS
In this section, an example [5] is presented with numerical simulation to validate and compare the various controllers: SMRSMC [5] , smoothed QC2S, and QC3S. The nominal part J 0 and the uncertain part ΔJ of the inertia matrix are In this paper, the uncertainty ΔJ [5] has been applied. ΔJ is included to verify the robustness of parameter variations because, in practical situations, the mass properties of the spacecraft may be uncertain due to onboard payload variations. It was originally introduced in [28] but that paper did not give much detail. The uncertainties are of the norm-bounded type.
The For smoothed QC2S, the positive scalars λ and ν were chosen as λ = 1.2 and ν = 0.10. These values were selected by running the simulation program for various values of λ and ν. If a scalar ν is chosen too small, the results are close to QC2S, and hence, chattering cannot be reduced. Conversely, if it is too large, the QC2S properties may be lost. The parameter λ is very important for the sliding-vector design. If λ > 0 is chosen too large, the sliding surface will be dominated by the quaternion error (q e ), and this is impractical for the sliding surface designs. We selected λ = 0.19. The sliding manifold is chosen as (23) with K = λI 3 , and the gains in the control laws are selected as g i = 60 for i = 1, 2, 3. Consider the norm 2 of δ and γ. In the simulation, the control laws (35) and (42) have gains
Note that in the work by Lo and Chen [5] , the control gains in the simulation were chosen as g i = σ J ( ω 2 + υ d + λ q e ) + 1 using the bounds on q e . The first time derivative of the quaternion error is defined asq e =q −q d , whereq = T (q)ω. The sliding vector (23) was proved in [5] to yield a stable tracking system. Simulation studies have been performed to test the various controllers: SMRSMC, smoothed QC2S, and QC3S.
The first case involves attitude-tracking maneuvers without any external disturbances, while the second case consider attitude-tracking functions with the external disturbances d i (t) = 0.5 sin(t) N-m, i = 1, 2, 3. Since, for the first case, simulation results are similar to the second case, it is sufficient to show the simulation results only for the second case.
Simulation results for the attitude tracking are shown in Figs. 1-12. Figs. 1 and 3 show that the SMRSMC scheme gives good tracking outputs, and the settling time (time that the On the other hand, for QC3S, the settling time is approximately 60 s, and the sliding vector remains on the sliding manifold after 11 s (Figs. 9 and 10 ). Fig. 11 shows that the attitude-tracking error remains on the zero after 70 s. As shown in Fig. 12 , the control torques applied to the spacecraft are relatively smooth, and their magnitudes are limited to 60 N · m for the first 15 s and then bounded by 20 N · m. Regarding accuracy, the bound on |s| is 0.0000049 (at the steady state) with O(h 2 ) = 0.000025 for h = 0.005. The integration has been carried out using a fourth-order Runge-Kutta method. Although smoothed QC2S yields small settling time and smooth control torques, the control torques are more oscillatory for the first 35 s. Both SMRSMC and QC3S require larger settling time, but they have smoother control torques.
Since SMRSMC, smoothed QC2S, and QC3S satisfy the matched uncertainty condition, these controllers are insensitive to external disturbances.
QC3S provides much more accurate tracking. It gives outstanding accuracy (better than (O(h 2 ))), while the accuracy of smoothed QC2S and SMRSMC satisfies O(h). In view of these simulation results, QC3S seems to be the best overall control for practical spacecraft tracking, although its implementation is more complicated.
VII. CONCLUSION
QC3S has been successfully applied to spacecraft-attitudetracking maneuvers. An example of spacecraft multiaxial attitude-tracking maneuvers has been presented. Moreover, QC3S reduces the undesirable chattering effect induced in the conventional SMC and provides very good accuracy of the tracking results. A class of linear sliding manifold is chosen as a function of angular velocities and quaternion errors. The second method of Lyapunov theory has been used to prove sliding system stability for all the controller designs.
